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The ability of small drops or bubbles to stick to non-horizontal solid surfaces is
analysed. The principal results consist of identifying the critical value of the volume
of a drop (or bubble) beyond which it will dislodge and move down (or up) the surface
of the solid, and determining the speed at which it will move. In addition, the area
of the solid wetted by the drop (or dried by the bubble) is calculated when its volume
is at its critical value. All of the results are expressed in terms of experimentally
measurable material properties. The most limiting restriction on the validity of the
results is the assumption that the value of the contact angle hysteresis is small.

1. Introduction

This represents an extension of the work presented in Dussan V. & Chow (1983),
and thus it is entitled Part 2. Dussan V. & Chow limited their investigation to drops
or bubblest having shapes consistent with the small-slope approximation. Hence their
results can only be used with material systems possessing small contact angles. This
greatly limits the usefulness of their results. The objective of the present study is to
extend their work to a case of practical importance, that of small drops with con-
tact angles of arbitrary size. A significant number of the applications cited in §1 of
Dussan V. & Chow fall into this category.

Specifically, Dussan V. & Chow were concerned with determining the size and shape
of drops in their critical configuration. This they defined to be the largest drop that
could stick to a solid surface inclined at a given angle. Also, they were concerned with
predicting the speed at which drops roll down surfaces when either the angle of
inclination of the solid or the volume of the drops slightly exceed their critical values.
The key to their analysis was realizing that the contact line must contain straight-line
segments (see figure 1). This is consistent with the experimental observations of
Bikerman (1950) and Furmidge (1962). It is of interest to note that the boundary-value
problems generated by the above contain boundary conditions of the mixed kind.
That is to say, along the straight-line segments of the contact line, the local values
of the contact angle are not known a prior:; while, along the remainder of the contact
line, the variation in value of the contact angle is given, however, the location of the
contact line is part of the solution. The problem is further complicated by the fact
that the locations of the ends of the straight-line segments are also part of the
solution.

t For convenience, the material bodies of interest will henceforth be referred to as drops.
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F16URE 1. The general shape of the contact line is illustrated. The unit vector i points in the direction
down the plate. Along both sides of the drop the contact line has straight-line segments.
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F1oURE 2. The value of the contact angle, which depends upon the speed U of the contact line,
is assumed to have the form given in (@). The values of the slopes of the curve for U > 0and U < 0
are 1/x, and 1/xg respectively. The speed of the contact line is Up*m, where Uy, denotes the
velocity of the drop, and m is a unit vector parallel to the solid surface, perpendicular to the local
tangent vector to the contact line, and pointing away from the drop; see (b).

The central aspect of their model consisted of accounting for the mechanism by
which the solid surface affects the drops. This was assumed to occur through the
contact angle ©. The specific model that they used and which will be used in this
study is illustrated in figure 2. It contains contact angle hysteresis, a characteristic
found in many material systems. This refers to the fact that the contact line will not
move when the contact angle lies within the interval [6g, € ,]. The two limiting static
angles @, and Oy are often referred to as the advancing and receding contact angles
respectively. The model contains the simplifying feature in that the values of d&/dU
for U over the range (—0,0) and (0, + ), i.e. for both negative and positive
contact line speeds, are assumed to be constant, although not necessarily equal. Their
values will be denoted by 1/«kr and 1/«,, respectively. The values of all four
parameters €, Oy, k, and kg must be experimentally determined.

The most direct way of differentiating the present study from that of Dussan V.
& Chow is by identifying the range of validity of the relevant dimensionless groups.
Both investigate the regular limits as both the Reynolds and capillary numbers?}

+ The definitions of the various dimensionless groups appear in §2.1.
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F1oUrE 3. The regions of validity in parameter space of the two analyses are roughly indicated.
A point in this space, using cylindrical coordinates, is given by (Bg,7v,6,). The semi-infinite
rectangular solid denotes the region of validity for the analysis of Dussan V. & Chow. The semi-
infinite quarter of a cylinder represents the region of validity for the present study. They both
overlap near the origin.

approach zero. Both are valid for arbitrary values of x,/xy, and assume that only
a small amount of hysteresis is present. This latter assumption gives rise to an
expansion in Dussan V. & Chow in terms of (6, — 63)/6 ,, which they found to have
a singular limit as its value approaches zero. A significant portion of their pre-
sentation was devoted to determining the nature of this limit. In the present study
cos &y —cos @, appears as the natural small parameter. However, this change in
parameter doesn’t give rise to any significant change in the nature of the singularity,
at least to lowest order. The chief differences between the two studies occur in the
handling of the remaining three parameters: 6 ,, the Bond number B, and the angle
of inclination vy of the surface of the solid with the horizontal. Dussan V. & Chow
solve the lubrication equations which they found governs the lowest-order mode in
an expansion in 6, as it approaches zero. This, of course, is not done in the present
study. They also introduce the variables 7' and @, defined as B, 8in*@, cosy and
(Bq sin? 8, siny)/6 , respectively. Their results are valid for arbitrary values of T'
and for small values of G. The present study is restricted to small values of By. An
illustration of the regions of validity of the two studies is given in figure 3.

The organization of the present study follows that of Dussan V. & Chow. In §2
the relevant dimensionless groups are defined, and expansions are performed. The
case of a drop rolling down a surface with @, = @y issolved in §3. The size and shape
of drops in their critical configuration is determined in §4. The results of these latter
two sections are combined in §5 to describe a drop rolling down a surface in which
6, * 6y, along with a general discussion.
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2. Formulation

2.1. Scaling and identification of boundary-value problem

The scales for (x,y,2) are given by a,. This denotes the radius of a spherical cap
having the same volume as the drop and forming an angle of @, with the surface
of the solid. Its explicit definition is given by (2.13). The velocity u is scaled with «,.
Pressure p is scaled with o/a,, where o is the surface tension.

The Navier-Stokes and continuity equations in dimensionless form are

CyR,u'Vu=—-VP+C,Viu—k By cosy+iBgsiny and V-u=0

where the Reynolds number B, = px, a,/u, the capillary number C, = «, #/0o, and
the Bond number, B; = pga?/o. Although the same symbol is used here for the Bond
number as in Dussan V. & Chow, in fact they are not the same. Each is based upon
a different lengthscale. Their relationship is given by a = q, sin &,, where a is the
lengthscale appearing in Dussan V. & Chow.

The kinematic and dynamic boundary conditions at the free-surface are

u-VnR—u-f=0 a,nd _P+Can-[vu+vuT].n=RL,
M

where r = R(0, ¢) denotes the location of the free-surface parametrized in terms of
the spherical coordinates (7,6, ¢); ’

A10(), o 1 ()

> 20 7% 75n6 0g
with ;\, 8 and $ denoting unit vectors along the three coordinate curves; and Ry
denotes the mean radius of curvature of the free surface, given by

e~ s (s (2

2 2
+{(6R> +R2} {(Q—R sin? 0) R?sinf— 2R(a¢> sin 0+R2% sin2 § cos 0}

V()=

o0 0¢? o0
OROR { ,, O°R OROR . ,,0R }]]
26¢60{R6¢60 nf— 2R606¢sm0 Ra¢cos¢9
—3
[[R2 (22) + R? (E)R) sin? 6+ R* sin? 0]] . (2.1)

The coordinate system is oriented so that ;(Jz-n, 0) and ;(12-11:, in) lie tangent to the solid
surface and equal i and j, respectively, the vector i pointing in the direction of
maximum descent. The solid surface is located at z = cos @, where the unit vector
k is perpendicular to the surface pointing from the solid to the drop (see figure 4).

The kinematic and no-slip boundary conditions at the surface of the solid are
given by u= U,
where Up denotes the velocity of the plate as viewed from a frame of reference at
rest with respect to the centre of mass of the drop. Since we shall only be interested
in the limit as both the Reynolds and capillary numbers approach zero, the analysis
will be unaffected by the singularity arising from the no-slip boundary condition at
the moving contact line.
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FIGURE 4. A point on the surface of the drop is given by (R(6, ), 0, @) in the spherical coordinate
system. The origin is located below the solid surface when 8, < ir, as illustrated. The solid surface
is located at z = cos @ ,. The vector i points in the direction down the inclined surface, i.e. the

gravity vector g is given by g = g sinyi—g cosyk.

The boundary condition at the contact line is
(6-6, (—¢a<9<4a), \
0 (¢A < ¢ < ¢R)’

':_R(G_OR) (Pr < ¢ < 2n—dy),
A

ko 2n—¢ggr <P <2n—g,),

contact line is a straight-line {¢A <¢ <dg J
segment 2n—¢gp < P < 2n—¢,,

where the values of ¢,, ¢z and Up must be determined. A detailed explanation of
this boundary condition appears in §2 of Dussan V. & Chow. The local value of the
contact angle and the vector m can be calculated using the formulas

- Up'm =

(2.2)

cos® =nk (2.3)

and
{R’ sin?d—R %—g sin 6 cos 0} {r sinf+60 cosﬁ}+¢R 2:
m= R R , (2.4)
2 gin? on 2
{(R sin?6—-R 0 8in @ cosH) +R (a¢)}
#R? sino—8BR aa—g sin§— ¢R a:
where n= (2.5)

oR AR\2}"
4 2 2 2 2
{R sin?0+ R (60) sin?@+ R (6¢)}

The vector n denotes the outward unit normal to the free surface. The location of
the contact line will be given by (R(8.1,, ), 0.1 ¢), where the function 8, (¢) is defined
as the solution to the equation

cos®, = R(6,,,, ¢) cosl., (2.6)
for all values of ¢.
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The only other constraint imposed is the specification of the volume of the drop
V. This is given by

V 2n 0cL R
5= I {I I r? sin @ dr d§ —1% cos® O, tan? 0cL} dé. 2.7
S 0 0 1]

2.2. Expansion of parameters

We will only seek solutions valid in the limit as both R, and C, approach zero. This
simplifies the mathematies quite a bit. The Navier—Stokes equation reduces to its
static form

0=—VP+By(—k cosy+isiny), (2.8)
and the dynamic boundary condition at the free surface becomes
1
—P= Ry (2.9)

The boundary condition (2.2) at the contact line and the volume constraint (2.7) enter
at this order without any obvious simplifications. No subscripts have been introduced
at this point, since we will not be concerned with higher-order modes.

It is important to realize that at least four scales for the velocity have been
introduced thus far: u/pag, o/u, kg and «,. The ratio between the first and last scales
forms the Reynolds number, while the ratio between the second and last scales forms
the capillary number. Although (2.8) and (2.9) are commonly identified with static
fluids, this need not always be the case. For example, in the present study, motion
will originate from the boundary condition (2.2) at the contact line.

The solution to (2.8) and (2.9) has the following simple form:

1 = B4{(R cos—cos ©,) cosy— R sinf siny}+ 4, (2.10)

Ry
where 4, denotes an absolute constant to be determined. Two limiting solutions will
be investigated. In §3 an expansion will be performed valid for small values of B,
evaluated at cos @z —cos @, = 0, and for 0 < y < in. The principal objective is to
determine the dependence of the slope and speed at which the drop rolls down the
inclined plane on the values of x,, kg and 6. In §4 a solution will be obtained, valid
for small values of cos @y —cos 8 ,, for the size and shape of a drop when it is in its
critical configuration. Again, the only restriction placed on vy is that 0 < y < ir. Both
problems represent perturbations about a common base state, identified as the
(00)-mode corresponding to B; = 0 and cos @ —cos @, = 0. Its solution is presented
in §2.3.
2.3. Solution to (00)-mode

At the limit of B; = 0 and cos &g —cos @, = 0 the pressure P, must be an absolute
constant. Its value will be denoted by — A,y This implies that the drop has a
constant mean radius of curvature. Since the static contact angle has a unique value
6, the drop must have the shape of a spherical cap. Its radius R, is then determined
by the volume constraint (2.7). In summary, we have

Foo=—Ag=2, (2.11)

R,=1 (2.12)

and a—‘:=§n(1—cos O,—1cos@, sin?B,). (2.13)
S
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Here, (2.12) can be thought of as giving the explicit definition of the lengthscale a,
and (2.13) gives a means for calculating its value upon knowing the volume of the

drop.

3. The steady motion of a drop moving down an inclined plane with no
contact-angle hysteresis

3.1. Formulation of boundary-value problem
Any inclination of the solid surface from the horizontal will cause the drop to be in
motion. The magnitude of the force responsible for this behaviouris given by B, siny.

It will be assumed that the unknown quantities can be expanded in an asymptotic
series valid in the limit as B4 —0 of the form

R~14ByR,(0,0;7,04 Kkp/kR)+ .., (3.1a)
AS~—2+BdAslo(7’9A’KA/KR)+"" (3-1b) )
Up ~ By Upo(7, 04, ka/kR)+ .., (3.1¢)

where we have used the results of §2.3. Substituting the above into (2.10) and making
use of (2.1) gives, to O(B,) as B;—~0,

’R 1 0*R,, cosfdR
2+ 2Rt sin? 6 a¢;o sin @ 801 :

06?
= (cos —cos @,) cosy—sinf cos ¢ siny+ Ay, (3.2)

The expansion of the boundary condition at the contact line is a bit more elaborate.
We begin by assuming an asymptotic expansion for 6,;, of the form

O, ~ Oa+ByOo110(P; ¥, Ons ka/kr)+ - (3.3)
valid in the limit as B;—0. Substituting (3.1a) and (3.3) into (2.6) gives, to O(By)

as By~0, R, (O,,P) cos O,
0CL10 = sin GA

. (3.4)

The expansion of the boundary condition (2.2) at the contact line follows directly
upon substituting (3.1a, ¢) and (3.3) into (2.3), (2.4), and (2.5), and making use of (3.4).
One obtains, to O(B,4) as B30,

_Ryy(6,9) cos 6, +6R10

§in @, % | on.s = Upyo k(¢) cos @, (3.5)
where | (—hr << im),
k(@) = Ka

(n < ¢ <im)
and Up,p = Upyoi. KR

We have assumed that ¢, = @5 = It because &, = 6y, and that the origin of the
coordinate system is placed so that the advancing and receding portions of the
contact line corresponds to —in < ¢ < in and in < ¢ < in respectively.

The expansion of the volume constraint (2.7) gives

2n 6,
0= j j R,,8in6 d6dg, (3.6)
0 0
to O(B,) as B4~ 0.
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3.2. Solution

It is more convenient to express the above-specified boundary-value problem in terms

of a new independent variable s, given by cos§, and to introduce a new dependent
variable R, defined by

R= Rm——%{[l—s In (1 +s)] cos'y+|:(l—.92)% ln(l+.sx)+.s|:1

- ;Z]g] sin y cos ¢}

—3450+184 cosy, (3.7)

where s, = cos ©,. The boundary-value problem defined by (3.2) and (3.5) takes on
the form

0 1 *R

% [(1—32) % ]+2R 1—&# a¢2 =0, (3.8)
(Fs+(l—s’)%—§> o

8A, 9)

1 —s, 2
= §{[1—sA In(1+48,)] cosy+[—2+s5,+ 53] [L—ZA] siny cos¢}
A

—$4g084+154 cosy— Upyo[L —s4 k(@) cosg.  (3.9)
It is easily established that the general solution to (3.8) is given by

R =E, P,(s)+E, Pi(s) cosp+ E E [1+ ] P{™ ~™(8) cos ng, (3.10)

n=2

where P,, P! and P{":~™ (Legendre, associated Legendre and Jacobi polynomials) are
8, —(1—s%)¢ and s+n respectively (Abramowitz & Stegun 1964). We have used the
fact that R is an even function of ¢. Substituting (3.10) into the boundary condition
(3.9), along with the Fourier expansion of x(¢) cos ¢,

R Y LI Y SN 2 2—1)"" (1 —ka/KR)
K(¢)COS¢_1|:( KR>+2(1+K> 56+ X e @t 2

gives the following results:

_ —24s,+4]siny
e (14K, /kr][1+84]"

1
E,=}cosyIn[1+s,]—345084+35% COSY—E [1 —:_::] Upyoll _32A]é1

and

2Upyo(— 11" (1 —K4/Kp) (1 +sA>%" [1—

E, =] tn—D@m+1)(1-n?) \1-s, SF (n=24,..),

0 (n=3,5,..).
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Note that the above expression for Up,, can be simplified by making use of (2.13) to
ive

g —2V siny

agn[1 +,’:—ﬂ sin? @,

Upo = (3.11)

The constants E, and A4g,, are yet to be determined.

The location of the origin of the coordinate system has not been entirely specified
in the solution. Its position along the z-axis must be fixed. In order to do this it is
convenient to express the location of the contact line using cylindrical coordinates
(r?, @, cos @,), where r¥ = R(0,, $) sinf,. Substituting (3.1a), (3.3) and (3.4) into
the expression for rF gives

. R,(Ox,9)
P_ £0(OR, 9)
P =8in®, + By Sin 6, +..

.

valid in the limit as B, ->0. Requiring the advancing and receding portions of the
contact line to be located at —in < ¢ < in and in < ¢ < In respectively necessitates
that d(rF sing)/d¢ = 0 at § = +1in. This directly implies that dR,,/d¢ =0atf = 6,
and ¢ = t+1n, resulting in

_siny Sa
E = 3 [ln(l +.9A)+1+8A:|.
The remaining constant A4,, is determined by substituting (3.7) and (3.10) into the
volume constraint (3.6). This gives

_2 UPIO( —ﬁ‘—) (1—83) —1cosy [—3+8s, —6s% +54]
T KR,

Agyp =

—243s8,—8%

4. The critical static configuration of a drop on an inclined plane with
contact-angle hysteresis

4.1. Formulation of boundary-value problem

The following physical problems are mathematically equivalent: determining the
largest angle of inclination of the solid for which the drop will not roll down its surface ;
and determining the volume of the largest drop that will stick to a surface inclined
at a specified angle. This gives rise to the following boundary-value problem:

1
— = By {(R, cosf@—cos,) cosy—R,sinf siny}+ A4, 4.1)

Ry
c0s @ = cos 9A (_¢Ac < ¢ < ¢Ac)’
cosOy  (Pre <P < 2R—ge)s

contact line is a Pac <P < Pres
straight-line segment M —Pre < ¢ < 2— P

subject to the volume constraint (2.7). Equation (4.1) is just (2.10) with the subscript
¢ appearing on the unknown parameters and dependent variable. Equation (4.2) is

4.2)
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equivalent to (2.2) upon setting Up = 0. The object is to determine the functional

relationships
B, =R (0,8; 0,,¢, 7),\

Asc = Asc(QA’ €, 7)7
Pac = PaclOx.67), (4.3)

Pre = PRc(O4s€,7),
Bdc = Bdc(9A7 €, ‘}’),

where € = cos @ —cos @,
A solution will be obtained valid in the limit ¢ > 0. Since this represents a singular
limit (Dussan V. & Chow), the drop will be divided into inner and outer regions
corresponding to the portions surrounding the two straight-line segments of the
contact line and the rest of the drop respectively. The solution in the outer region
is presented in §4.2, and that in the inner region is presented in §4.3. They are
matched in §4.4.
4.2. Outer region
It is assumed that the leading terms of an asymptotic expansion of the functions
appearing in (4.3) in the outer region have the form
R, ~1+4¢e¢lne R, (0,¢; O, 7)+€eR (O, 0; 04, 7)+... ,1
A ~—24€elne Ay (O,,7)+64,6,(04,7)+ ...,
Pac ~ I+ €hrr(On, 1)+, (4.4)
Pre ~ IM+EPR(Oa 7))+,

Bdc ~ € 1n€ Bch(eA, ‘}’)+€Bdc1(eA, ‘y)+ veu y

valid in the limit ¢ >0. Note that the scales appropriate for this region are those
introduced in §2.1. Substituting the above expansions into (4.1), (4.2), and (2.7), and
using the relationships (2.1), (2.3), (2.4), (2.5), and (2.6) gives to O(c) as ¢ >0 the
following boundary-value problem:

0°R,, 1 O*R, cosfOR,

a2 T 2Rt a5 30 g 0
= Byc,[(cos §—cos @ ,) cos y—sinf siny cosp]+ 4., (4.5)
oR,, . _ {O (—ir < ¢ < im),
R, (O, ¢) cosO®,+ % |0, 4 sin®, = 1 (< ¢ <dn) (4.6)
2 6,
and J‘ J‘ R, sind dfd¢ =0, (4.7)
[1} [1}

where the details of the expansions of the boundary condition at the contact line and
the volume constraint are similar to that given in §3.1.

Asin §3.2, it is convenient to seek a solution in terms of the independent variable
8, given by cos 6, and a new dependent variable B, defined by

R=R,—1B,. {[l—s In (14 8)] cosy+|:(1—sz)§ In (1 +s)+s<i;z>}] siny cos¢}

_%Ascl +%Bdc1 8, CO8Y.
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The boundary-value problem becomes

%[(1—a)%ﬁ]+2ﬁ+ lzgf; 0, \

[Rs+ (1—6?) aaf]

(8a,9) (4.8)

1—s,7¢ .
= gB{[ln(l +8,)—si]cosy+[—2+s8,+8%] [1 +ZA-J2 sihy cos¢}
A

0 (—‘;‘ﬂ<¢<ﬂ),
-1 Im<¢p<in) |

ey o +1Bacs o4 07 +{
The general solution to the above is

R = D, P,(s)+ D, P(s) cos ¢ + z D [1+ ] P{™ —™)(s) cos ne. (4.9)

n=2

Substituting (4.9) into (4.8) and (4.7), along with the Fourier-series representation

1 2 g—1) {0 (—in<¢<in),
~gt X n@n+1) +1)°°S‘2"+”¢‘{—1 (n < ¢ < m),

; _ 6 1+‘9A]§
gives Baer = 25, 72) (1=3,) siny [1—3A ’ (4.10)

_ coty 1+s8, 3] 3s, 1
D°‘n(1—sA)<2+sA)[ ][ +21"“+8A’] (1

1—s,] Ls,+2 —8,) (2+s8,)’
0 (n=4,6,...),
D = _ 1\inr-1) in
g e e I
n n(l—n%) L1-—s,
and .
4 __g(sA+3)cot7[1+sA]a 1+s,
1T T (8,422 Ll—s,]  (1—8,)(2+8,)

The remaining unknown constant D, will be determined upon matching the inner and
outer solutions. '

It is of interest to note that the series appearing in (4.9) can be summed, resulting
in the following analytic form:

£ = Dya—Dy(1- cosg— s | 73 tan+ (27229)

+(3s+1) cos¢+[$(s—l)—s—l] cos ¢ In (1 + 29 cos 2¢ + £22)

+[?12—(s—1)+s+1]sin¢ tan‘l(%)}, (4.11)

(148,)(1—-9)

where QE(I—SA)(1+3)'
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The boundary-value problem to lowest order containing the terms with subsecript
cL is very similar to the one solved above. It can easily be shown that

ar, aRcL] 1 2Ry
as[(l S v LR R e R

= Byor{(s—8,) cosy—(1— s} siny cos ¢} + Ay,

{~Rar -l =0 0<p<om,

(A, 9)

o r8A
and J‘ J‘ R dsd¢ = 0.
(] 1

The solution is given by By, = 0, 4,1 = 0 and
R, =—Fsinf cos ¢,

where the constant F is determined upon matching the inner and outer solutions.

4.3. Inner region

In the outer region the primary difference between the boundary-value problem of
the present study and that of Dussan V. & Chow lies in the coordinate systems. The
former uses spherical coordinates while the latter uses polar coordinates. This
difference disappears in the inner region where it is appropriate in both studies to
use a local rectangular-Cartesian coordinate system. For this reason extensive use can
be made of the results presented in Dussan V. & Chow.

The inner regions are located in the vicinity of (1,8,, +1in), using spherical
coordinates. They contain the straight-line segments of the contact line. Attention
will be restricted to an analysis of the inner region near the point (1,6 ,,1in). As in
Dussan V. & Chow, a local rectangular Cartesian coordinate system is introduced with
the origin at (1, ©,,1r) (see figure 5). Here the coordinates (Z,, 7., 2,) are given by

(ie’ge’z—e) = (f, _17, Z—COS@A)

N | -

where (, 7, z) are scaled with a,. The shape of the free surface and location of the

contact line will be described by z = h(Z,,7.; @4, ¢,7) and j, = Y, (Z.; ©,,¢,7),

respectively. The locations of the ends of the straight-line segments of the contact

line are denoted by Z, = + L,, where the value of L, is to be determined.
Asymptotic expansions are assumed of the form

he‘c ~ eoo(fe’ ge; 9 )+6hecl(x_e’ y_e; @A’7)+ M (412)
and Y, ~ Yoo@s7)+e ¥ (T 0, 7)+ ..., (4.13)

valid in the limit e—>0. The above implies that a domain perturbation will be
performed about 7, = Y, a different location from that used in the expansions in
the outer region. The leading-order terms in the asymptotic expansions for 4., and
By, have already been determined in §4.2.

Substituting (4.12) and (4.13) into (4.1) and (4.2) gives rise to an infinite set of
boundary-value problems It is straightforward to show that the solution to the

lowest-order mode is Ay, = (§.— Y,q,) tan@,, where the constant Y, must be

€
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Ficure 5. A local coordinate system scaled with a, is constructed
with origin at (1, 8,,1n) in spherical coordinates.

determined by matching the inner and outer solutions. The boundary-value problem
for the next-order mode is
azhﬁcl + azhecl — A800
or? oyt cos*@,’

0 (x.<—L,|cosB,]),

= 1
_cosseA tan @,

ahecl

aye (fc- Ycooj (3=:€ > Le | cos OA | )

and heoy(Z. Ygo) = tweo tan®, (—L.|cos®,| <%, < L, |cosO,]),

where z, = z,|cos @, |, and w,, appears in the asymptotic expansion for the variable
denoting the width of the drop, w,,

w,=28n60,—2Y,(0; 0,,6,7) ~ 2+ew,, +Eweo+...,
valid in the limit as ¢—>0. This implies that
Wey = _27500(9A’ y) and wg, =—2 zcl(O; 6,,7)

It is worth noting that the interface is located above the solid in the region g, 2 0
for @, < in. This necessitates treating the two cases separately. The analysis that
follows applies specifically to the case when &, < ir. The analysis appropriate when
0, > in differs from the above only in the sign of various terms.

The above-specified boundary-value problem is mathematically equivalent to that
appearing in Dussan V. & Chow upon making the following correspondence of terms

(Peoer> Aooos Woez) ~ ey 8IN O, €082 O, Ay tan O, w,, 8in* O, cos O,).
Hence the solution is given by

XA, 1 l]: = . [1 1, (cosh Y sin X)]
heer = 2 cos® 6A+ tan @, cos® @, L, sinh ¥ cos X 2T 7 " \Ginh ¥ cos X

—2%; cosh Y sin X (In L2—2+In [cosh? ¥ sin? X +sinh? Y cos? X])

+Co Y+1iwy, tan® @, cos® @, —1L2 Ay, tan O,
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+£1: [—3—In2+1InL?]e Y sin X +¢, sinh ¥ sin X

+1L2 Aype? tan @, cos2X +2¢, sinh2Y cos 2X

L, vy s . _1< e 2¥ gin 2X )
+2n[ e ¥ gsin X+ 2 cos X sinh Y tan 1o 60s2X

+2sin X cosh YIn(1—2e72Y cos 2X+ e"‘Y)}:l

[>¢)
+ X 2¢,,,,sinh (2k+1) Y sin (2k+1) Xj|] , 4.14)
k=1
where

L =L,cos®,, T.=L,coshYsinX and 7 = Y, +L,sinhY cosX.

The constants L, and {¢;; k=0,1,...} are yet to be determined.

Three additional constraints must be imposed on (4.14) in order for it to be an
acceptable solution : (i) the value of the contact angle along the straight-line segments
of the contact line must lie within the interval [, 6 ,]; (ii) the tangent of the contact
line must be continuous at the endpoints of the straight-line segments; and (iii) the
largest and smallest values of i corresponding to points along the contact line must
occur along the straight-line segments.

It can easily be shown that the first constraint implies

—1<L tan@, cosX—%(X+§1t) <0

for —in < X < In. This, in turn, implies that

= 1

S—F- .
¢ “mtan @, (4.15)

The second constraint requires that

dY .0 sz >+IL, for |Z|> L.
dz,
This can easily be evaluated using the expression
dy,
—cos® 6, tan? GAW:I
+tan®, cos*®, d A -
= = —AE’)% A 7 ( TR cOS:.;)A) e +Z Ayotan®, (4.16)
along with (4.14). It can be concluded that
Co+iL2 Ay tan @, —4c, =0 (4.17)
L. L
and ¢ = 2—; ln?e. (4.18)

Finally, it can readily be shown that the third constraint is equivalent to

d2—Ye‘“>0 asz.>+L, for |Z,|>L,
da = € — e € €
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Upon differentiating (4.16) with respect to Z,, it can be shown that this inequality

implies L
+ —=£ > —2¢,. (4.19)

The remaining unknown constants {¢,; k= 0,1, ...}, L, Ym, D, and F are deter-
mined by matching the inner and outer solutions. Thls is accomphshed by first
expressing the inner solution (4.12), in terms of the variables (Z, ) and rearranging
it as an asymptotic expansion in terms of the sequence {1, eIne, ¢, ...}. The local form
of the outer solution &, is obtained from the expression

he=(1+€lne R, (0,P)+eR,(0,9)+...) cosf—cos6,,
where the variables (0, ¢), represented by
6 ~ 0,(%, ) +¢ne Oy (Z, §)+€0,(Z, §) + ...,
P ~ Po(Z, §)+eIne §(Z, §) +eh (T, 9) + ...,
must satisfy the equations
Z= (1+€elne Ry (0,p)+€eR,(0,9)+...)sinf cos @,
sin@,—7 = (1+elne R, (0,p)+eR,(0,4)+...) sinf sing.

Equating these forms of the outer and inner solutions up to and including O(e) as
€—>0 gives the following:

_ __ |cos®,| [|cos6A|]
Cop = o 200t6A1 61_2152 SineA on Sin@A s
Cy = 81 1COtOA’ {62k+1=0;k= 1,2,...},
__ 1 1
T msin®, * nsin6,’
_Bac1Sin7{ cos 6, }_3cos6A—1
D= 3 ln(l-l-cose“)-i-1+cos6A 21 8in 6,
1 2 1-In(2nsin®,)
ln : b
+n sin @, sin6A+ T sin @,

7. - 1 [_ coty 1 ]
0" 0080, +2| m(cosO,+2) 2sin6,]
where the expressions for F, L, D, and Y, are valid for 0 < 8, < .

5. Results

The results of §§3 and 4 can be combined, as demonstrated by Dussan V. & Chow,
to describe the state of a drop, valid for the general case when 8, £ @5, rolling down
a plane whose angle of inclination slightly exceeds its critical value. The form of the
solution for either R, 4, ¢,, ¢r or Up can be expressed as

K
F ('y, By, 6,,6x é) ~ Fprelne F..(6,)+eF(y, 6,)

+[Bd_eBdc1(7’9A)] 9"10(')/, OA, :—:)'l' e, (B.1)

where & denotes any one of the aforementioned variables.
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Fioure 6. A plot of (5.3), indicating the dependence on the parameters &, and &y of the
dimensionless volume V(pg siny/ o)t of the largest drop that can stick to the solid.

The speed (in dimensional form) at which the drop rolls down the surface of the
solid Uy is given by — Up k. Substituting (3.11) into (5.1) implies that

Up ~

2V siny [pga§ 6(cos @ —cosO,)(1+cos @, )
— 56
an(L+D)simre, 7 HosOLAN (= cosOyisiny
Ko Kr

]. (5.2)

According to this expression, the speed of the drop should increase without bound
as @, -0 and =, for fixed values of By —eB,.,. However, (5.2) is only valid to O(1)
astherelevant capillary number Uy, 4/0 approaches zero. These singular limits should
disappear upon including the lowest-order effects due to viscosity. The volume of the
largest drop that can stick to the surface of the solid inclined at a given angle y can
be calculated directly by substituting (4.4) and (4.10) into (2.13), giving

(pg sin y)g v (%)i (cos @ —co80,)(1+cos@,)i(1—2cos O, +1cos*O,)
- )

(cos @, +2)i (1 —cos®,)i

(5.3)
ag
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To illustrate some implications of this expression, the variation of (pg siny/o)} V with
6, for several fixed values of & , — & ranging between 0.1° and 10° has been plotted
in figure 6. This form of presentation was chosen because the appearance of hysteresis,
6, £ Oy, is usually associated with either surface roughness or chemical inhomo-
geneity such as that which would be created by scratches or by dirt. Therefore the
magnitude of the hysteresis, & , — &g, may in some sense be thought of as being an
inverse measure of the amount of labour and expense necessary to manufacture the
solid surface. The physical significance of the range chosen for 8, — @y in figure 6
is as follows. The smallest value, 0.1°, coincides with the limit of the accuracy of the
most sensitive devices used for measuring static contact angles. However, due to
variations introduced by repeated measurements with different samples of seemingly
the same surface, it is found that the reproducibility of the measurements on very
carefully prepared surfaces is rarely less than 1°—2°. On the other hand, 10° was chosen
as the maximum value for @ , — Oy, since the solution is only valid for small values
of cos @y —cos 8,. Larger values of &y — 6, are quite common; in fact, it is not
unusual to find a material system with a hysteresis as large as 150°.

Each curve in figure 6 identifies the drop with largest volume that can stick to the
surface for various values of @ ,. The most prominent characteristic in the curves is the
existence of a maximum occurring approximately at €, x 65.53°+1.94(0 , — 03),
giving a value for (pg siny/o)t V of about 2.64(cos @ —cos 6, )1; see the dashed line
in the figure. (The slight discrepancies between the maxima in the curves and the
values indicated by the above relationships are probably of the same order as the
inaccuracy of the results due to its being only the first term in an asymptotic
solution.) Hence drops with volumes greater than that value, regardless of the value
of &,, and for a specified amount of hysteresis, cannot stick to an inclined solid
surface. In general, if it is desired to minimize the value of the largest drop that can
stick to a surface, then the shape of the curves in figure 6 indicates that either one
must be willing to incur ‘great expense’ by creating a solid surface with very small
hysteresis, or choose a material system so that @, takes on a relatively large value.
Thus a solid surface with &, — 65 = 1.0° will not let a drop stick to it with scaled
volume greater than 0.0052, regardless of the identity of the liquid; while a ‘less
expensive’ surface with & , — &y = 10° will exhibit the same characteristic only for
liquids with @, 2 163°. Finally, the results presented in figure 6 make possible a
quick, sensitive and convenient experimental technique for determining the hysteresis
of a solid when its value happens to be small by simply requiring the measurement
of the volume of the largest drop that can stick to its surface.

Also of practical interest is the size of the area of the solid wetted by the drop.
This may be important in various problems such as determining the rate of growth
of condensing drops, or the extent to which a given amount of spray will wet a surface.
A dimensionless form of the wetted area, B, sin?@,, to lowest order, is obtained by
substituting (4.9) into (4.4) to give

6 (cos@p—cosB,)(l+cosO )t

@
By sin* 6, msiny (cos@,+2)(1—cos8,):

(5.4)

(see figure 7). It is of interest to note that B, sin? &, is a monotonically decreasing
function of &, for fixed values of @, — Oy, and doesn’t possess a maximum as in the
case for (pg siny/a)t V. When 6, < in, B, sin® @, also can be used to determine the
minimum number of drops required to cover a solid surface of specified size ; however,
this is not true when 6, > irn. For this latter case a better estimate can be obtained
directly from B, (see figure 8).
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FicURE 7. A plot of (5.4), indicating the dependence on the parameters y, @, and
6y of the dimensionless area B, sin? @, of the solid wetted by the largest drop.

The shape of the contact line can readily be calculated using the expansion
procedure outlined at the beginning of §3, along with (5.1). The radial polar
coordinate, scaled by a, for points on the contact line, ¥, is given by

ud elne _e Ry(04.9)
e~ I+ R Bep(On. 9+ 8, Ro+(Ba—eBaer) =52 5 6, +..., (5.5)
where Ry, = —= ¢ (5.6)
R,(64,9)
=7, sin6,+ 2 cos ¢ [(14cos@,)In(1+cos®,)+cos6,]

n(cos &, +2)(1—cosO,)

. 3 1 1
—[Dl sm9A+% 0089A+%] cos¢+; cosg In|2 cosg|+4, (5.6b)

_ (1—cos8,)% cosy UpwsinGA[ K_A][ —1
Bio(64.9) = 6(cos @, +2) n ! kpdl2+4cos O,

42 °z°: (—1)n (cos ©, +2n) cos2n¢]’

(@1 (5:69)
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Ficure 8. A plot of B, siny obtained by substituting (4.10) into By ~ (cos &g —cos 8,) By,;.

and

(%—% sin¢) cos®, (—in<g <im),

A= (5.6)
—(—é+%(¢—n) sin¢) cos O, (n<¢ <im).

The explicit forms for Y., and D, appear at the end of §4.3.

The effects of hysteresis and motion on the shape of the contact line can best be
illustrated by examining them separately. The most obvious immediate distinguishing
feature is that the perturbation to the circular shape created by the hysteresis is
asymmetric with respect to the z = 0 plane, while the change in shape due to the
motion of the drop rolling down the surface is symmetrie with respect to the z = 0
plane. The portion of R,, that depends on ¢ is illustrated in figure 9. The length Ly,
and width w of the drop, scaled with a,, are given by

Ly cosy
2 Sln 6 ~1- €Y€00 + (Bd EBdcl) U:ﬁ nz 9

UPIO (1
7t sin @,

(2—3 cos®, +cos®O,)

+éAslo_

——&) (n cos@A—(7+%):|],
KR

w - cosy
rane, ~ 1~ Taut Ba=Boci) [ mrgr (2=3 0090, 40080,

U K
'f'%‘flslo—rﬁlgA (1 _;:) (7 cos 9A+]z')]]-



20 E. B. Dussan V.

—_ E (—1)%(cos &, +2n) cos 2n¢g

6,=
= @1 %
0.3+
90°
0.2}
180°
0.1-
10° 20° 30° 40° 60°  70° 80° 90°
0 1 1 1 ] 500 1 1 1 1
¢
-0.1
—-0.2F
—03F
Fieure 9. A plot of 3 (cos @, +2n)
p nz_:l (_l)n+l(4n2+l)20082n¢

which gives that portion of the shape of the contact line resulting from the drop moving down the
inclined plane that depends on ¢; see (5.5) and (5.6).

A measure of the relative differences in the shape of the drop for Z > 0 as compared
with ¥ < 0 is reflected in the value of 8 defined by (rF(0) —7F(r))/2 sin O, :
elne € { 2

o~ msin?@,  sin?@, |n(cos @, +2) (1—cos 0,)

X[(1+cos®,)In(1+cosO,)+cos®,]—D, sin@A—i cos@A——l—+1 ln2}.
2r 2n 'n
Hence for very small values of ¢ the front of the drop, i.e. the portion of the contact
line with contact angle greater than or equal to @,, is longer than its rear.
Probably the most useful direct extension of these calculations from a practical
point of view would be to remove the restriction imposed by assuming that
cos @y —cos @, is a small parameter.

It is a pleasure to acknowledge the extensive efforts of B.I. Dussan V. in
performing the calculations for figures 6-9.
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